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Abstract
We show that a gauge singlet scalar S with a coupling to the Higgs dou-
blet of the form λSSySHyH and with the S mass entirely generated by the
Higgs expectation value has a thermally generated relic density ΩS  0.3 if
mS  (2.9 − 10.5)(ΩS/0.3)1=5(h/0.7)2=5 MeV for Higgs boson masses in the
range 115 GeV to 1 TeV. Remarkably, this is very similar to the range (mS =
(6.6 − 15.4)η2=3MeV) required in order for the self-interaction (η/4)(SyS)2 to
account for self-interacting dark matter when η is not much smaller than 1. The
corresponding coupling is λS  (2.7 10−10− 3.6 10−9)(ΩS/0.3)2=5(h/0.7)4=5 ,
implying that such scalars are very weakly coupled to the Standard Model sec-
tor. More generally, for the case where the S mass is at least partially due to
a bare mass term, if mS  10η2=3MeV, corresponding to self-interacting dark
matter, then in order not to overpopulate the Universe with thermally generated
S scalars we require that λS < 10−(9−10)η−1=3, making such scalars dicult to
detect directly.
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It has become apparent that conventional collisionless cold dark matter (CCDM)
has severe problems accounting for the observed structure of galaxies. N-body sim-
ulations with CCDM indicate that galaxies should have singular halos [1] with large
numbers of subhalos [2], in severe conflict with observations. In addition, the CCDM
predictions for the Tully-Fisher relation [3] and the stability of galactic bars [4] are
not in agreement with what is observed. In order to overcome these problems it has
been suggested that the cold dark matter particles have a self-interaction [5, 6], and
it has been shown that self-interacting dark matter (SIDM) is remarkably eective
in overcoming the various problems of CCDM, by allowing the cores of galaxies to
heat up and expand via their interaction with the hot outer regions of the halo. The
requirement on the mass M and self-interaction scattering cross-section  of the SIDM




= (2:05 103 GeV − 2:57 104) GeV−3 : (1)
The canonically simplest possible dark matter particle is arguably a gauge singlet
scalar S. The possibility that gauge singlet scalars could naturally constitute dark
matter has been pointed out by a number of authors in the past [7, 8] as well as
more recently [9]. It has also been noted that gauge singlet scalars have a natural
self-interaction via an S4-type coupling and so in principle could account for SIDM
[10]. This has also been discussed more recently in [11]. Some cosmological constraints
on gauge singlet scalar SIDM have been discussed in [12].
Although gauge singlet scalars might account for cold dark matter, and more specif-
ically for SIDM, it is necessary to explain how a critical density of gauge singlet scalars
with the right properties could arise. The simplest and most natural way for a particle
density to arise is by thermal generation. Therefore in the following we will discuss
the thermal generation of SIDM gauge singlet scalars. We will consider the case of
complex gauge singlet scalars. This is mainly for consistency with the cross-sections
and discussion given in [8], which we will use here. We believe that complex scalars are
as promising as candidates for self-interacting dark matter as real scalars, being more
natural in the context of supersymmetric models, for example, and allowing global
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symmetries to account for the stability of the S particles. We expect that the results
for real scalars will be very similar.
The model is described by
L = @Sy@S −m2SyS − SSySHyH − 
4
(SyS)2 : (2)
The dark matter density from the conventional Lee-Weinberg (LW) mechanism [13],
in which a thermal equilibrium density of S scalars freezes out to leave a thermal relic
density, has been discussed in some detail in [8] and more recently for the case of real
scalars in [9] (with an estimate for the case of light S scalars also given in [7]). This
indicated that a thermal relic density with ΩS  0:3 could be obtained for values of S
is the range 0.01-0.1 and for mS in the range 10 GeV to several TeV [8]. However, as
we will show, the LW thermal relic S density cannot account for the observed density
of dark matter if S scalars are also to account for SIDM with a perturbative self-
coupling; if the S scalars were ever to achieve their thermal equilibrium density in the
early Universe then they would overpopulate the Universe at present. Nevertheless we
will show that a non-LW thermal generation of S scalars can provide S dark matter
whilst being consistent with perturbative SIDM.
We rst consider the perturbative upper limit on the S mass if it is to play the role
of SIDM. The total centre-of-mass S scattering cross-section is the sum of SSy ! SSy

































where  = 
2=4. Thus if we require that 
<
 1 in order to have a perturbative the-
ory, then the condition Eq. (1) requires that mS = 
1=3
 (15:4− 35:8) MeV < 30 MeV.
(We refer to this as the Spergel-Steinhardt mass range in the following.) We note that








where v = 250 GeV. Thus the requirement that mS
<
 30 MeV imposes an upper
bound on S






However, it is possible, although not obviously natural, that there could be a cancella-
tion between the bare mass squared and the Higgs contribution to the mass squared,
for example if S were negative, which could allow a larger jSj. Therefore we will not
at this stage constrain the value of jSj.
We next consider the conventional thermal relic density of S scalars, via the LW
mechanism [8, 9]. The thermally averaged annihilation cross-sections times relative
velocity, < annvrel >, for complex S scalars are given in [8]. For the case of very
light S scalars, of mass less than 30 MeV as suggested by perturbative SIDM, the
annihilation can only occur to e+e− pairs via s-channel Higgs (ho) exchange. For this















where g = 0:65 is the SU(2)L gauge coupling, mh is the h
o mass and e = me=v =
2:0  10−6 is the electron Yukawa coupling. The resulting relic density is found by
solving the Boltzmann equation [13, 8],
dnS
dt
= −3HnS− < annvrel > (n2S − n2o) ; (10)
where H is the expansion rate of the Universe and no is the thermal equilibrium density















T 3 : (12)












where f = nS=T
3 and g(T ) = gB + 7gF=8, where gB and gF denote the number of
relativistic bosonic and fermionic degrees of freedom respectively. The LW soultion is
based on assuming that the annihilations cannot keep the non-relativistic particles in
thermal equilbrium below a freeze-out temperature TfS, dened by∣∣∣∣∣dfodT
∣∣∣∣∣ = < annvrel >K f 2o : (14)
The resulting thermal relic density is obtained by solving Eq. (13) from TfS to the
present (Tγ = 2:4  10−4eV) with fo = 0 on the right-hand side and with f = fo as























where c = 7:5  10−47h2 GeV4 is the critical density and xfS = TfS=mS. With
g(TfS) = 10:75 for me < TfS
<
 few MeV this gives
ΩSh

















Since xfS is in general signicantly less than 1 [8], it is clear that if the S scalars
ever reached their thermal equilbrium density then in general there would be a severe
problem of overpopulating the Universe with S scalars. The source of this problem is
the very small electron Yukawa coupling in the light S scalar annihilation cross-section,
which prevents the S scalars from annihilating very eciently in the early Universe.
Thus it is essential that S scalars never reach their thermal equilibrium density in the
early Universe and that the relic density generated by thermal processes is less than




We next consider the limits on S in order to avoid overpopulating the Universe.
There are two processes which can produce a density of S scalars: 2 $ 2 annihilation
processes and decay of a thermal equilibrium density of Higgs scalars to SSy pairs,
ho ! SSy. We rst consider 2 $ 2 annihilations. We consider the case where the
S scalar density is very small compared with the equilibrium density and solve the
Boltzmann equation, Eq. (13), with f = 0 on the right-hand side,
df
dT
= −< annvrel >
K
f 2o : (17)
We take the Universe to be initially at a high temperature, T  mW , and calculate the
resulting relic density of S scalars as the Universe cools. We estimate the annihilation
cross-sections of relativistic SSy pairs to t quarks, W and Z bosons and the ho Higgs
scalars (lighter quarks and leptons do not contribute signicantly due to their very
small Yukawa couplings) by using the centre-of-mass annihilation cross-sections cal-
culated for S scalars with typical energy ET  T . We will see that the core results of
the paper are not very sensitive to uncertainties in the calculation of the annihilation
cross-section and thermal relic S density.
The relativistic annihilation cross-sections i may be obtained from the < annvrel >
given in [8] via the relation i = (1=2) < annvrel > (mS ! ET ) (where i  t; W; Z; ho
denotes the Standard Model particle in question), which may be conrmed by directly



































































where i denotes the SS
y ! i iy cross-section and where in the t-quark cross-section we
have summed over three colours. For T < mi the contribution to the total cross-section
is zero, which is roughly models Boltzmann suppression. Then < annvrel >= 2i,
where we take vrel = 2 for relativistic annihilations [14]. For relativistic S scalars,
fo = 1:2=
2 is a constant so Eq. (17) can be integrated as







where ET = T , ETf = mi and the initial thermal energy ETo ! 1. We will take
K / g(T )1=2 to be constant, with g(T ) = g(Ti), where Ti = mi, since most of the









(The integrals In(mi) are discussed in the Appendix.)
W+W− $ SSy:
For the case of processes proceeding via s-channel Higgs exchange, SSy $ WW y; ZZ; tt,
in order to obtain an analytical result we expand the propagators in the limit where
4E2T is large compared with m
2
h, which in this case is generally satised if m
2
h is small
























































































where Jn(mi) are discussed in the Appendix.
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With g(Ti) = 106:75, corresponding to the Standard Model degress of freedom, γ =
7:8 10132S GeV and with t = 0:7 (corresponding to mt = 175 GeV) we nd in the
small Higgs mass limit
fT =
∑













For larger Higgs masses, mh > 2mW , there will be s-channel pole annihilations, which
will enhance the contribution of 2 $ 2 annihilations. We will not consider here the
calculation of poles in relativistic nite-temperature annihilations, which is a non-
trivial issue [14]. However, we will comment later on how they may alter our nal
conclusions
We next consider the S density from decay of thermal equilibrium ho scalars,
ho ! SSy. The S number density from the decay of thermal equilibrium ho scalars at
temperatures less than the electroweak phase transition (where TEW
>




+ 3HnS =< Γho > nho eq ; (31)







(eE=T − 1) dE (32)

















(eE=T − 1) dE : (34)












t1=2 (t + 2a)1=2
(et − e−a) dt : (36)
Thus in terms of f , the S density from ho decays is given by
df
dT








(a) is a slowly varying function of a, with (0) = 1:64, (1) = 1:87 and (5) = 3:00.
Since most of the contribution to f comes from mh=T  1, we take (mh=T ) to be
equal to (1), in order to obtain an analytical expression. Therefore the density of S













In this we have assumed that v is given by its T = 0 value, v = 250 GeV. Since most
of the contribution to fdec comes from T
<
 mh < TEW , this should be a reasonable
approximation. We see that the S density from ho decays is generally much larger
than that from 2$ 2 annihilation processes in the small Higgs mass limit. For larger
values of the Higgs mass, it is possible that s-channel pole annihilations may result in
2 $ 2 processes dominating the ho decays, in which case fdec is a lower bound on the
number of S scalars produced thermally.











where Ti  mi and g(Tγ) = 2. Therefore with f  fdec and using g(Ti) = 106:75 for
Ti  mh, corresponding to all the states in the Standard Model, the thermal relic S
density ΩS is related to S by












where we have used mS = 10
2=3 MeV as a mass scale to compare with SIDM gauge
singlet scalars. Thus for Higgs masses in the range 115 GeV to 1 TeV and with
expansion rate h  0:7, the upper bound on S from requiring that ΩS < 0:3 is in
the range (1:4 10−10 − 3:6 10−9)−1=3. This is in broad agreement with the upper
bound estimated in [12], S
<
 10
−10, based on the weaker condition that the S scalars
do not come into thermal equilibrium.
The upper limit on S from ΩS
<
 0:3 is not very much smaller than the upper limit
Eq. (8) from the requirement that the Higgs expectation value contribution to the S
mass is compatible (without unnatural cancellation) with perturbative SIDM S scalars.
This suggests the possibility that all the S mass might come from its interaction with
the Higgs scalar when its density is sucient to account for dark matter. If we assume
that all the S mass is due to the Higgs expectation value, then we nd that the S












where we have used as scales for comparison a Higgs mass of 115GeV and expansion
rate h = 0:7. We will refer to this as the thermal relic S mass. Comparing with the
Spergel-Steinhardt range for SIDM,
mS = (6:6− 15:4)2=3 MeV ; (43)
we see that the thermal relic mass for S scalars with mass entirely due to the Higgs
expectation value is within the range required to account for SIDM when the self-
coupling constant  is equal to about 0.1, a quite natural value. The thermal relic mass
is not strongly dependent upon cosmological parameters, nor is it strongly dependent
upon the Higgs mass. In particular, it is relatively insensitive to uncertainties in the
9
calculation of f , since a change in f by a factor  produces a change in ΩS by the same
factor, and so a change in the thermal relic mass by 1=5. The coupling corresponding
to the thermal relic mass is











(The value of mS and S for large Higgs mass will be reduced if 2 $ 2 annihilations
dominate ho decays in this limit.) This all suggests a scenario for dark matter in
which stable gauge singlet scalars couple very weakly to the Standard Model sector
but self-couple with a naturally strong self-coupling of about 0.1.
Conclusions
We have considered limits on the coupling of a self-interacting dark matter (SIDM)
gauge singlet scalar from the requirement that not too many are generated by thermal
processes in the early Universe. The dominant process is the decay of thermal equlib-
rium Higgs scalars to gauge singlet scalar pairs. For SIDM scalars with perturbative
self-interactions, the mass must be no greater than around 30 MeV. For such light
scalars, the requirement of an acceptable relic density of S scalars requires that the




In the case where the S mass is entirely due to the Higgs expectation value, we
nd that the S mass is xed by the thermal relic density to be between about 2.9
MeV and 10.5 MeV for Higgs masses ranging from 115 GeV to 1 TeV. (The upper
limit on the S mass may be smaller if 2 $ 2 annihilations dominate ho decays for
large Higgs mass.) This is very similar to the range of masses ( (6:6− 15:4)2=3MeV)
required by self-interacting dark matter with self-coupling  not very much smaller
than the natural value of 1. This result is not strongly sensitive to uncertainties either
in the cosmological parameters or in the calculation of the thermal relic S density. We
nd this coincidence remarkable and a possible hint that light gauge singlet scalars
with very weak coupling to the Standard Model sector may play an important role in
cosmology and particle physics.
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Similar expressions are obtained for the other In and Jn. The integrals appearing in
the small Higgs mass limit are then,
I3 = − 
12mi
; I5 = − 
48m3i
; I7 = − 
96m5i




J7 = − 
32m3i
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